This paper presents a constrained finite horizon model predictive control (MPC) scheme for regulation of the annular pressure in a well during managed pressure drilling from a floating vessel subject to heave motion. In addition the robustness of a controller to deal with heave disturbances despite uncertainties in the friction factor and bulk modulus is investigated. The stochastic model describing sea waves in the North Sea is used to simulate the heave disturbances. The results show that the closed-loop simulation without disturbance has a fast regulation response, without any overshoot, and is better than a proportional-integralderivative (PID) controller. The constrained MPC for managed pressure drilling shows further improved disturbance rejection capabilities with measured or predicted heave disturbance. Monte Carlo simulations show that the constrained MPC has a good performance to regulate set point and attenuate the effect of heave disturbance in case of significant uncertainties in the well parameter values.
INTRODUCTION
In drilling operations, a drilling fluid (mud) is pumped down through the drill string and flows through the drill bit at the bottom of the well (Figure 1 ). The mud flows up the well annulus carrying cuttings out of the well. The mud is separated at the surface from the return well flow, conditioned and stored in storage tanks (pits), before it is pumped down into the well for further drilling. To avoid fracturing, collapse of the well, or influx of formation fluids surrounding the well, it is crucial to control the pressure in the open part of the annulus within a certain operating window. In conventional drilling, this is done by using a mud of appropriate density and adjusting mud pump flow-rates. In managed pressure drilling (MPD), the annulus is sealed and the mud exits through a controlled choke, allowing for faster and more precise control of the annular pressure. In MPD operation, the dynamic pressure of the well must be kept higher than the reservoir pore pressure to prevent gas or formation fluids from entering the well, and less than a formation fracture pressure at all times and positions :
, 1 When designing MPD control systems, one should take into account various operational procedures and disturbances that affect the pressure inside the well. There is a specific disturbance occurring during drilling from floaters that significantly affects MPD operations. In this case, the rig moves vertically with the waves, referred to as heave motion.
As drilling proceeds, the drill string needs to be extended with new sections. Thus, every couple of hours or so, drilling is stopped to add a new segment of about 27 meters to the drill string. During drilling, a heave compensation mechanism is active to isolate the drill string from the heave motion of the rig. However, during connections, the pump is stopped and the string is disconnected from the heave compensation mechanism and rigidly connected to the rig. The drill string then moves vertically with the heave motion of the floating rig, and acts like a piston on the mud in the well. The heave motion may be more than 3 meters in amplitude and typically has a period of 10-20 seconds, which causes severe pressure fluctuations at the bottom of the well. Pressure fluctuations have been observed to be an order of magnitude higher than the standard limits for pressure regulation accuracy in MPD (about 2.5 bar) (Godhavn(2010) ). Downward movement of the drill string into the well increases pressure (surging), and upward movement decreases pressure (swabbing). Excessive surge and swab pressures can lead to mud loss resulting from high pressure fracturing of the formation or a kick-sequence (uncontrolled influx from the reservoir) that can potentially grow into a blowout as a consequence of low pressure. Rasmussen and Sangesland (2007) compared and evaluated different MPD methods for compensation of surge and swab pressure. In Nygaard et al. (2007a) , it is shown that surge and swab pressure fluctuation in the bottom hole pressure during pipe connection can be suppressed by controlling the choke and main pump. Nygaard et al. (2007b) used a nonlinear model predictive control algorithm to obtain optimal choke pressure for controlling the bottom-hole pressure during pipe connection in a gas dominant well. Pavlov et al. (2010) presented two nonlinear control algorithms based on feedback linearization for handling heave disturbances in MPD operations. Mahdianfar et al. (2012a, b) designed an infinitedimensional observer that estimates the heave disturbance. This estimation is used in a controller to reject the effect of the disturbance on the down-hole pressure. In all the above mentioned papers, the controllers are designed for the nominal case disregarding the uncertainty in the parameters, though several parameters in the well could be uncertain during drilling operations. In addition the heave disturbance, which is inherently stochastic and contains many different harmonics, is approximated by one or a couple of sinusoidal waves with known fixed frequencies throughout controller design and simulations. In this paper, a stochastic model for the heave motion in the North Sea is given and is used in simulations.
Model predictive control (MPC) is one of the most popular controller design methodologies for complex constrained multivariable control problems in industry and has been the subject of many studies since the 1970s (e.g. see Mayne et al. (2000) ; Morari and Lee (1999) ; Garcia et al. (1989); Maciejowski (2002) ). At each sampling time, a MPC control action is acquired by the on-line solution of a finite horizon open-loop optimal control problem. Only the first part of the optimal control trajectory is applied to the system. At the next sampling time, the computation is repeated with new measurements obtained from the system. The purpose of this paper is to study a constrained MPC scheme for controlling the pressure during MPD oil well drilling using measurements and optionally predictions of the heave disturbances. In some cases short-term heave motion prediction based on forwardlooking sensors such as ocean wave radar may be predictable (Kuchler et al. (2011a) ) , and we can use them directly in our MPC controller. One of the criteria for evaluating the controller performance is its ability to handle heave disturbances. This scheme is compared with a standard proportional-integral-derivative (PID)-control scheme. Furthermore, the robustness of the controller to deal with heave disturbances despite significant uncertainties in the friction factor and bulk modulus is investigated by Monte-Carlo simulations.
In the following sections, a model based on mass and momentum balances that provides the governing equations for pressure and flow in the annulus is given. A stochastic modeling of waves in the North Sea is used, and the heave disturbance induced by the elevation motion of the sea surface is modeled. The design of a constrained MPC scheme is presented and applied on MPD. In the cases with and without the predictive heave disturbance feed-forward and prediction, it is shown that this controller outperforms a PID controller.
Finally robust performance of an MPC controller is evaluated through Monte-Carlo simulations.
MATHEMATICAL MODELING
In this section, the distribution of single phase flows and pressures in the annulus and the drill string is modeled by two coupled partial differential equations (PDE). Then, the PDE model is discretized by using the finite volume method. Finally, the model describing the vessel's heave motion in response to the stochastic sea waves in the North Sea is presented and used as the heave disturbance.
Annulus flow dynamics
The governing equations for flow in an annulus are derived from mass and momentum balances based on one-dimensional hydraulic transmission line (Landet et al. (2013) 
where , and , are the pressure and volumetric flow rate at location x and time t, respectively. The bulk modulus of the mud is denoted by . is the cross section area, is the (constant) mass density, is the friction force per unit length, is the gravitational constant and is the angle between gravity and the positive flow direction at location in the well (Figure 2 ). To derive a set of ordinary differential equations describing the dynamics of the pressures and flows at different positions in the well, equations (2) and (3) are discretized by using the finite volume method. To solve this problem, the annulus is divided into a number of control volumes, as shown in Figure 2 , and integrating (2) and (3) over each control volume. This model will be used for the MPC design. Based on experimental results from full scale tests at Ullrigg, the friction force in the annulus is considered to be a linear function of the flow rate (Landet et al. (2013) (2008)).  Effective bulk modulus. A bulk modulus is used because the degree of mechanical compliance of casing, pipe, hoses, and other components is uncertain and also it is impossible to predict the amount of gas pockets, bubbles, or breathing of the well (Kaasa et al. (2012) ).
Waves Response Modeling
Environmental forces in the vertical direction due to waves are considered disturbances to the motion control system of floating vessels. These forces, which can be described in stochastic terms, are conceptually separated into low-frequency (LF) and wavefrequency (WF) components (Fossen (2011)).The LF part is not considered any farther since it is very slow compared to the dynamics of the mud circulation system and dealt with by other controllers and operationally (e.g. pipe connection ) .
During normal drilling operations the WF part of the drill-string motion is compensated by the heave control system (Korde (1998) ; Do and Pan (2008) ; Kuchler et al. (2011b) ). However, during connections the drill-string is disconnected from the heave compensation mechanism and rigidly connected to the rig. Thus, it moves vertically with the heave motion of the floating rig and causes severe down-hole pressure fluctuations.
When simulating and testing feedback control systems, it is useful to have a simple and effective way of representing the wave forces. Here the motion Response Amplitude Operators (RAOs) are represented as a state-space model where the wave spectrum is approximated by a linear filter. In this setting the RAO vessel model is represented in Figure   3 , where is the wave amplitude-to-force transfer function and is the force-tomotion transfer function. In addition to this, the response of the motion RAOs and the linear vessel dynamics in cascade is modeled as constant tunable gains (Fossen (2011)). This means that the RAO vessel model is approximated as (Figure 3) , , , , , 12
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Since the vessel is typically designed to avoid resonances in the dominant wave frequency, the fixed-gain approximation (equation (13)) produces good results in a closedloop system where the purpose is to test robustness and performance of a feedback control system in the presence of waves. where is the spectral factor of the wave spectral density function and is a zero-mean Gaussian white noise process with unity power across the spectrum:
Hence, the power spectral density (PSD) function for can be computed as
JONSWAP Spectrum
The The modal period, , is related to the average wave period through 0.834
Figure 4, which is produced using the Marine Systems Simulator (MSS) Toolbox, shows the JONSWAP spectrum power distribution curve. The parameter values for and are taken from Michel (1999) . From Figure 4 we can see that the JONSWAP spectrum is a narrow band spectrum, and its energy is mainly focused on 0.5 -1.5 rad/s, and the peak frequency is 0.7222 rad/s. 
Second-Order Wave Transfer Function Approximation
As discussed earlier, a finite dimensional rational transfer function wave response approximation for is usually preferred by ship control systems engineers, because of its simplicity and applicability: 
CONTROLLER DESIGN
The model described by equations (4)- (10) 
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The output is the bottom-hole pressure. The heave disturbance in equation (4) will be compensated by using constrained MPC as designed in section 3.1. Note that the hydrostatic pressures in equation (9) are included in the states in (4)- (8).
MPC
The main MPC objective in this paper is to regulate bottom-hole pressure to desired values (set points) during pipe connection by minimizing the cost function and satisfying output and input constraints.
Constrained MPC design
Consider the discrete-time linear time-invariant input-affine system (23) while fulfilling the constraints , 26
at all-time instants
0.
In (23)- (26), , and are the number of states, outputs and inputs, respectively, and ∈ , ∈ , ∈ and ∈ are the state, output, disturbance and input vectors, respectively.
The constrained MPC solves a constrained optimal regulation problem at each time k.
where , and are the finite horizon, cost function and reference trajectory, respectively.
The matrices , , , , and follow from a discretization of the system. The subscript " | " denotes the value predicted for time , and it is assumed that , and are the positive definite matrices.
Since the states are not directly measurable, predictions are computed from estimation of states. Since the pair , is detectable, a state observer is designed to provide estimation of states as described in section 3.2. The controller computes the optimal solution by solving the quadratic programing (QP) problem (27) . If the future value of disturbances and/or measurement of disturbances are not assumed to be known then disturbances are assumed to be zero in the MPC predictions.
Controller parameters such as weight of inputs, inputs rate and outputs and control horizon must be tuned to achieve the good performance and stability in this problem. The prediction horizon should be chosen large enough to ensure the closed-loop stability of the control system.
MPC Constraints
The upper and lower bounds on the input are chosen from the choke opening modes, which are fully opened and fully closed, respectively. Enforcing pressure of the annulus in a certain operating window is the main reason for using MPD. The hydrostatic pressure of the well must be kept between both the reservoir formation pressure and collapsing pressure on one side and fracturing pressure on the other side. The typical limits for pressure regulation accuracy in MPD is about 2.5 bar. The controlled output constraints for the limits for pressure regulation accuracy in MPD must be softened by the addition of slack variables.
MPC Cost Function
The cost function (28) consists of three standard terms. The first term penalizes the prediction input effort and the second term in the cost function penalizes variation in the prediction control input. The last term weights the deviations of the output variable from the reference trajectory | .
Kalman Filter for state estimation
The discrete-time Kalman filter is a recursive algorithm based on discrete linear dynamic systems and known stochastic models of noise and disturbance. The Kalman filter has ability to estimate states with the minimum variance of the estimation error. This algorithm has two distinct steps: prediction and correction. In the prediction step, predicted state ( | ) and predicted estimate covariance ( | ) are computed. In the correction step with updated measurement, optimal Kalman gain ( ) is computed. Then, updated state ( | ) and updated estimate covariance ( | ) are computed with optimal Kalman gain. More details on Kalman filtering can be found in Simon (2006) .
SIMULATION RESULTS
The nominal parameters for simulations, identified from the IRIS Drill simulator (Nygaard et al. 2007d) , are given in Table 1 . The time-step used for discretizing the dynamic optimization model was 0.1 s. This is also the sampling interval of measurements and the update prediction of the Kalman filter and MPC. The input weight ( ), input rate weight ( ), output weight ( ) and prediction horizon ( ) are chosen as 150, 0, 17 and 100, respectively. In this problem, the prediction horizon Bandwidth with PID is less than 1.3 rad/sec, and the phase drops very quickly. Therefore, it is not realistic to get a bandwidth of about 5 rad/sec or more, as would be desirable for this disturbance which has dominating frequencies of about 0.5 -1.5 rad/s. MPC to track the set point reference with a heave disturbance. It is found that the MPC controller is capable of maintaining the constraints whereas the PID controller is not.
Performance of the controller is evaluated through the root mean square (RMS) tracking error metric. The RMS tracking errors for the MPC and the PID controller are 1.2524 and 1.6273, respectively, which means that the effect of disturbances is reduced to 77.0% by the MPC compared to the PID. As indicated in this figure and RMS tracking error, the constrained MPC shows good disturbance rejection capabilities. The choke control signal is illustrated in Figure 8 (b). Figure 9 shows the heave disturbance pressure variations. The next simulation is shown in Figure 10 where the nominal model with heave disturbance is used for generating the measurements. The same constraints as in the previous simulation are enforced to the controller. In this simulation, the heave disturbance is assumed to be predictable. The heave disturbance is given by 2 /12 , where 2 /12 corresponds closely to the most dominant wave frequency in the North Atlantic, with reference to the JONSWAP spectrum (Landet et al. (2012b (Landet et al. ( , 2013 ). The input weight for MPC with future knowledge of heave disturbance is chosen as 85. 
Robustness analysis of closed-loop system using Monte-Carlo simulations
Finally, the robustness of the constrained MPC without future knowledge of heave disturbance with the presence of uncertainties in the friction factor and bulk modulus, 25% each, is evaluated by Monte-Carlo simulations. Each simulation time was 200 seconds and the simulations were done over 400 Monte-Carlo runs in the uncertainty region with uniform distribution. We evaluated the performance by computing the ratio of average of RMS of the tracking error to RMS of the stochastic disturbance. The result indicates that the controller was successful to attenuate the disturbance in the uncertain system to 74.34%.
CONCLUSIONS
In this paper a dynamical model describing the flow and pressure in the annulus is used. The model was based on a hydraulic transmission line, and is discretized using a finite volume method. The disturbance due to drill-string movement is simulated as a stochastic model describing sea waves in the North Sea applied to the flow in the bottom-hole of the well.
A constrained MPC for controlling bottom-hole pressure during oil well drilling was designed. It was found that the constrained MPC scheme is able to successfully control the down-hole pressure. It was also found that a constrained MPC shows improved attenuation of the heave disturbance. Comparing the PID controller results with MPC shows that the MPC controller has a better performance than the PID controller, being able to reduce the effect of disturbances to 77%. Monte Carlo simulations show that the constrained MPC has a good performance to regulate the set point and attenuate the effect of the heave disturbance in case of significant uncertainties in the well parameter values. Finally, it is shown that performance can be further improved by prediction of the heave motion about 10 seconds into the future.
